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Abstract— We show that the Lagrange dynamics of
quadrotor-manipulator systems can be completely decoupled
into: 1) the center-of-mass dynamics in E(3), which, similar to
the standard quadrotor dynamics, is point-mass dynamics with
under-actuation and gravity effect; and 2) the “internal rotational” dynamics of the quadrotor’s rotation and manipulator
configuration, which assumes the form of standard Lagrange
dynamics of robotic manipulator with full-actuation and no
gravity effect. Relying on this structure, we propose a novel
backstepping-like end-effector tracking control law, which can
allow us to assign different roles for the center-of-mass control
and for the internal rotational dynamics control according to
task objectives. Simulations using a planar quadrotor with a
2-DOF arm are also performed to show the theory.

I. I NTRODUCTION
Quadrotors have been researched extensively in recent
years due to their agile performance, relative-easiness to control, and affordability, with the rapid advancements in sensors, actuators, materials, and embedded computing. These
quadrotors are also promising to extend the ground-bound
ability of the typical mobile robots to the three dimensional
space. Some application examples include: remote landscape
survey, aerial photography, surveillance and reconnaissance,
etc. For this, many powerful results have been reported for
the motion control of quadrotors (e.g., [1]–[6]).
To make quadrotor a truly versatile and practically useful robotic platform, it is also desirable to endow them
with a capability of manipulation and interaction between
environment via physical power change. Some results for
this include: 1) cable-suspended transport tasks using a
single or multiple quadrotors [7], [8]; 2) grasping using a
gripper attached on aerial robots [9] and stability analysis to
prevent instability caused by load inertia [10]; and 3) aerial
manipulation with a tool (e.g., screw driver) rigidly-attached
on the quadrotor and its internal dynamics analysis [11], [12].
The problem of employing and controlling the quadrotor
with a multi degree-of-freedom (DOF) robotic manipulator,
which would likely be the ultimate choice platform for the
aerial manipulation, has been actively studied only from few
years ago with much less results available (e.g., [13]–[18]).
The key challenge inherent in this quadrotor-manipulator
(QM) system is that: 1) the combined QM-system dynamics,
which needs to be considered when precise/dynamic control
is desirable, is complicated and nonlinear with total system’s
DOF even larger than the quadrotor’s 6-DOF in SE(3); and
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2) the quadrotor platform is under-actuated in its translation
with the body-fixed 1-DOF thrust force input, although the
quadrotor rotation and the manipulator itself are typically
fully-actuated. Due to these challenges, the majority of the
available results on this QM-system rather consider the
quadrotor and the manipulator as separate systems and see
their coupling as disturbance (e.g., [13], [14]); or do not
fully take into account the large-dimensional nonlinear QM
dynamics in SE(3) and/or the issue of under-actuation when
designing/analyzing control laws (e.g., [14], [15], [17], [18]).
In this paper, applying passive decomposition [19]–[21],
we reveal an underlying structure of the nonlinear QMdynamics, which can substantially facilitate the control design and analysis. More precisely, we show that the Lagrange dynamics of the QM system, consisting of a 6-DOF
quadrotor platform and m-DOF robotic manipulator, can be
decomposed into the following two completely decoupled
systems:
•

•

The center-of-mass translation dynamics in E(3), which,
similar to the standard quadrotor dynamics, is the pointmass dynamics under-actuated only with the body-fixed
thrust force input and under the effect of gravity; and
The (3 + m)-DOF “internal rotational” dynamics of
quadrotor’s rotation and manipulator configuration,
which has the form of standard Lagrange dynamics of
robotic manipulator with full-actuation, yet, without any
gravity effect.

Relying on this revealed structure, we also propose a
novel backstepping-like end-effector trajectory tracking control law, which allows us to assign different roles to the
center-of-mass dynamics control (e.g., more authority during
transportation task) and that for the internal rotational dynamics (e.g., more authority for precise end-effector control)
while utilizing the redundancy of the QM-system. We also
perform a simulation to illustrate our control framework for a
planar QM-system with 2-DOF robotic arm. This underlying
structure of the QM-system and the proposed backsteppinglike control framework are, in fact, equally applicable to
any vehicle-manipulator systems such as spacecraft with a
multi-DOF robotic arm or underwater vehicle equipped with
robotic manipulators.
The rest of the paper is organized as follows. Lagrange
dynamics of the QM-system is derived in Sec. II with some
properties shown. The underlying/decoupled structure of the
QM-dynamics, as mentioned above, is revealed in Sec. III
using passive decomposition [19]–[21]. Backstepping-like
end-effector trajectory tracking control is presented in Sec.
IV, and Sec V concludes the paper.
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Fig. 1. Quadrotor with m-DOF robot arm: p = [x; y; z] is quadrotor
platform’s center position, pe = [xe ; ye ; ze ] the end-effector position, and
λ the thrust force input and pCoM is the center-of-mass position of the total
QM-system. Note that, in general, p 6= pCoM .

τ = [−λRo e3 ; τφr ; τφp ; τφy ; τ1 ; ...; τm ] ∈ <n

II. L AGRANGE DYNAMICS OF
Q UADROTOR -M ANIPULATOR S YSTEM
Consider a quadrotor system in SE(3) with a m-DOF
serial-link robot arm as shown in Fig. 1. The configuration of
this quadrotor-manipulator (QM) system can then be given
by
q := [p; φ; θ] ∈ <n , n := 6 + m
where p = [x; y; z] ∈ <3 is the quadrotor platform’s
geometric/mass center position in the inertial NED-frame,
φ = [φr ; φp ; φy ] ∈ <3 is the roll/pitch/yaw angles of the
quadrotor, and θ = [θ1 ; · · · θm ] ∈ <m is the joint angles of
the robotic arm.
Define also the translation and rotation Jacobians [22],
Jvj (r) ∈ <3×n and Jwj (r) ∈ <3×n , s.t.,
vj = Jvj (r)q̇,

wj = Jwj (r)q̇

function of r and not of p, i.e., the QM-system dynamics is
symmetric w.r.t. p if no gravity is present. We can then see
that the inertia matrix M (r) assumes the following structure:


Mp
Mpr (r)
(3)
M (r) =
T
Mpr
(r) Mr (r)
Pm
where Mp = mL I3 ∈ <3×3 , where mL := j=0 mj > 0
is the total mass of the QM-system, with mo , mi being the
mass of the quadrotor and that of the j-th arm link.
The QM-system is under-actuated, that is, r = [φ; θ] ∈
<3+m is fully-actuated with the quadrotor’s roll/pitch/yaw
torque inputs and that for each link of the robot arm, while
p = [x; y; z] ∈ <3 is under-actuated with only the thrust
force input λ, whose direction is fixed to the quadrotor’s
body-fixed D-direction. More precisely, we can write the
control action for the QM-system by

(1)

for j = 0, 1, ..., m, where r := [φ; θ] ∈ <3+m represent
the quadrotor’s rotation and the robot arm’s joint angles,
vj , wj ∈ <3 are respectively the translation velocity of the
mass center and the angular velocity of the j-th link, with
j = 0 representing the quadrotor platform and j = 1, ..., m
each link of the robot arm, and the Jacobians Jvj and Jwj
have the following structures:


r
(2)
Jvj (r) = I3 Jvrj1 · · · Jvj3+m

r3+m 
r1
Jwj (r) = O3 Jwj · · · Jwj
where O3 ∈ <3×3 is the matrix that all the elements are 0.
Here, note that the Jacobians Jvj , Jwj are only functions of
r and not p = [x; y; z].
Using (1), we can then construct the QM-system’s kinetic
energy κ := 12 q̇ T M (r)q̇ with the inertia matrix M (r) ∈
<n×n as given by:

where λ ∈ < is the thrust force input, Ro (φr , φp , φy ) ∈
SO(3) is the rotation matrix of the quadrotor parameterized
by (φr , φp , φy ), e3 = [0; 0; 1] is a basis vector representing
the D-direction, and (τφr , τφp , τφy ) and τi ∈ < are respectively the quadrotor’s roll/pitch/yaw torques and that of each
axis of the manipulator.
The QM-system is also under the effect of gravity along
the inertial frame’s D-direction. We can write this gravitational potential energy by
ϕ(q) := −

m
X

mj gzj

j=0

where mj and Ij are the mass and the moment of inertia
of the j-th link about their center-of-mass expressed in their
body-fixed frame [22]. Here, note that M (r) is again only a

(5)

j=0

where zj ∈ < is the D-directional position of the j-th link
of the QM-system. Using the kinetic energy κ = 12 q̇ T M (r)q̇
and the gravitational potential energy ϕ(q) in (5), we can
obtain the Lagrange dynamics of the QM-system s.t.,
M (r)q̈ + C(r, ṙ)q̇ + g(q) = τ + f

(6)

where C(r, ṙ) ∈ <n×n is the Coriolis matrix with Ṁ −
2C being skew-symmetric, g(q) = ∂ϕ(q)/∂q ∈ <n is the
gravitational force, τ ∈ <n is the (under-actuated) control
action in (4), and f ∈ <n is the external disturbance. The
inertia matrix M (r) in (6) has the following property, which
will be instrumental for the ensuing development.
Proposition 1 If we write
 x
cφr
y
Mpr (r) =  cφr
czφr

Mpr (r) in (3) s.t.,
cxφp
cyφp
czφp

cxφy
cyφy
czφy


cx1 · · · cxm
cy1 · · · cym 
cz1 · · · czm

the gravity force vector g(q) in (6) can be written as
g T (q) = −[0, 0, mL , czφr , czφp , czφy , cz1 , · · · , czm ]g .

m h
i
X
mj JvTj Jvj + JwTj Rj Ij RjT Jwj
M (r) :=

(4)

(7)

Proof: Recall that the ij-th component of M (r) is given by
∂2κ
∂ q̇i ∂ q̇j . Therefore, with Mp = mL I3 , the assertion to prove
is equivalent to
∂2κ
1 ∂ϕ
=−
∂ ż∂ q̇i
g ∂qi
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Then, from the structure of (2), we have
m
1 ∂2 X
∂2κ
=
mj q̇ T JvTj Jvj q̇
∂ ż∂ q˙i
2 ∂ ż∂ q̇i j=0

(8)

since terms with Jwj do not contain ż, thus, will disappear
by the partial differentiation w.r.t. ż. Thus, we can write:
with Jvqji ∈ <3 being the i-th column vector of Jvj ,


m n
m
X
∂2κ
∂ 2 X X
mj żeT3 Jvqji q̇i  =
mj eT3 Jvqji .
=
∂ ż∂ q̇i
∂ ż∂ q̇i j=0 i=1
j=0
On the other hand, time derivative of the gravity potential
ϕ(q) in (5) can be computed s.t.,
m
n X
m
X
X
∂ϕ
dϕ
mj geT3 Jvqji q̇i .
mj g żj = −
=
q̇ = −
dt
∂q
i=1 j=0
j=0

This then implies that
m
X
∂ϕ
mj geT3 Jvqji
=−
∂qi
j=0

which completes the proof.
As mentioned above, the main challenge in designing
control laws for the QM-systems is the complexity of its
dynamics with large-DOF and dynamics coupling between
the p-dynamics and the r-dynamics (e.g., Mpr in (3)). In
the next Sec. III, we will reveal an underlying decoupled
structure of the QM-system dynamics (6), which can greatly
facilitate the control design (see Sec. IV).
III. D ECOMPOSITION OF Q UADROTOR -M ANIPULATOR
S YSTEM DYNAMICS
Here, we apply passive decomposition [19], [20] to reveal
the fundamental underlying structure of the QM-system dynamics, which is in fact shared by many vehicle-manipulator
systems (e.g., spacecraft with robotic manipulator, underwater vehicle with robot arm, etc). Following [21], let us first
define the coordination map h(q) := r which is rotation of
platform and joint angles of robot arm. Then, we can split
the tangent space of the QM-system s.t.,
∆> := {q̇ ∈ <n |Lq̇ h(q) = Lq̇ r = 0} = null(∂r/∂q)
∆⊥ := {v ∈ <n |v T M (q)ξ = 0, ∀ξ ∈ ∆> }
where Lq̇ h(q) is the Lie derivative of h(q) along q̇. This then
implies that the tangent space of the QM-system splits s.t.,
Tq M = ∆> ⊕ ∆⊥

(9)

where 1) ∆> is called tangential distribution (i.e., parallel
to the level set of h(q)) and the QM-system dynamics projected on this distribution is called locked system dynamics,
whereas 2) ∆⊥ is called normal distribution (i.e., orthogonal
complement of ∆> w.r.t. the inertia matrix M (r)) and the
QM-system dynamics on this ∆⊥ is called shape system
dynamics. See [21] for more details.

Since ∆> is the distribution, that is parallel to level
set h(q) = r, any motion of the QM-system in this 3dimensional ∆> should not alter the value of r. This then
implies that the component of the QM-motion in ∆> should
span all possible motion by ṗ. On the other hand, the (3+m)dimensional ∆⊥ is the orthogonal complement of ∆> w.r.t.
metric M (r), implying that any motion in ∆⊥ should contain
both the components of ṙ and that of ṗ. This then means that,
we can write the velocity of the QM-system s.t.,




 ṗL

I3 SE (r)
q̇ = ∆> ∆⊥
:=
ν (10)
ṙ
0 In−3
| {z }
|
{z
}
=:ν∈<n

=:S(r)

n×3

where ∆> = [I3 ; 0] ∈ <
and ∆⊥ = [SE (r); In−3 ] ∈
<n×n−3 are matrices respectively identifying ∆> and ∆⊥ ,
and ṗL ∈ <3 , which turns out to be the center-of-mass
velocity of the QM-system as to be shown below. Note the
difference between the QM-system center-of-mass pL and
the quadrotor platform’s center-of-mass p.
Lemma 1 If we write SE (r) s.t.,
 x
sφr sxφp sxφy
y
y
y
SE (r) =  sφr sφp sφy
szφr szφp szφy


sx1 · · · sxm
y
y 
s1 · · · sm
sz1 · · · szm

we then have
mL sjri = −cjri
where cjri is the ji-th element of Mpr (r) in Prop. 1.
Proof: From the passive decomposition (9), the tangential
and the normal distributions are orthogonal with each other
w.r.t. M (q) metric, that is,


SE (r)
= Mp SE (r) + Mpr = 0
[I3 0]M (r)
In−3
where Mp = mL I3 is a positive definite diagonal matrix.
Applying this passive decomposition to (6), we reveal the
underlying structure of the QM-system dynamics, namely, its
dynamics can be completely decoupled into the translational
center-of-mass dynamics of ṗL and the internal rotational dynamics of ṙ, where the former has the form of the quadrotor
dynamics with the under-actuation and the gravity effect;
whereas the latter has the form of the standard Lagrange
dynamics of robotic manipulator with full-actuation and no
gravity effect showing up therein.
Proposition 2 Applying the passive decomposition (10), we
can transform the QM-system dynamics (6) into
mL p̈L + gL

= τL

(11)

ME (r)r̈ + CE (r, ṙ)ṙ

= τE

(12)

where
1) Locked system (11) describes the center-of-mass dynamics
of the QM-system with ṗL = ṗCoM , mL =
Pm
3
m
and τL =
j , gL = −[0; 0; mL g] ∈ <
j=0
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λRo (φ), where pCoM is the total QM-system centerof-mass position.
2) Shape system (12) describes the internal rotational
dynamics of r = [φ; θ] of the QM-system with fullactuation τE ∈ <3+m , where ME ∈ <(3+m)×(3+m)
is the positive symmetric inertia matrix with ṀE −2CE
being skew-symmetric.
Proof:
The assertions on mL , ME and the skewsymmetricity of ṀE −2CE can be easily shown if we rewrite
the dynamics (6) using q̇ = Sν (and q̈ = S ν̇ + Ṡν) with


m L I3
0
:= S T M (r)S
0
ME


CL CLE
:= S T [M (r)Ṡ + C(r, ṙ)S]
CEL CE
with ṀL −2CL and ṀE −2CE both being skew-symmetric,
T
and CEL = −CLE
. See [19] for more details. The assertions
on τL , τE can also be shown by seeing
[τL ; τE ] := S T (r)τ
where τ is given in (4) with τφr , τφp , τφy and τi , i =
1, 2, ..., m, all arbitrarily assignable.
The assertion on gL (q) and the absence of the gravity in
the shape dynamics (12) can be proved from

due to the symmetry in i and j and ∂cji /∂qi = 0, i = 1, 2, 3
from Mp = mL I3 . Then, the above dynamics equation can
be rewritten as
mL ẍ +

i=1

j=0

mL ṗxCoM

=

m
n X
X

mj eT1 Jvqji q̇i

= mL ẋ +

i=1 j=0

cxri r˙i

i=1

where we use (2). If we collect the similar results for
mL ṗyCoM , mL ṗzCoM and use Lem. 1, we can then show that
mL ṗCoM = mL ṗ − mL SE (r)ṙ
which implies ṗCoM = ṗL , since ṗ = ṗL +SE (r)ṙ from (10).
Lastly, note that the first row of the Lagrange dynamics
(6) can be written as
!
n
n X
3+m
X
X
∂cij
1 ∂cxj
∂cxi
x
cri r̈i +
mL ẍ+
q̇i q̇j = τ1
+
−
2 ∂qi
∂qj
∂x
i=1 j=1
i=1
where τ1 is the first component of τ , and the last term in
left hand side is the Coriolis term [22], where ∂cij /∂x = 0,
since M (r) is a function of r only. We can further simplify


n
n
3+m
X
X
X dcxrj
∂cxj
1 ∂cxj
∂cxi
q̇i q̇j =
+
q̇i q̇j =
ṙj
2 ∂qi
∂qj
∂qi
dt
i,j=1
i,j=1
j=1

i=1

dcxri
ṙi = τ1
dt

(13)

(14)

with a similar hold for p̈yL and p̈zL . This means that the
QM-system’s center-of-mass dynamics is given by the
locked system dynamics (11) with no Corilois terms
therein (i.e., CL = 0 and CLE = 0). This also means that
T
CEL = −CLE
= 0 as well (see [19] for more details). This
completes the proof.
The underlying structure of the QM-system dynamics, as
manifested in (11)-(12), possess the following interesting
properties:
•

•
•

•

i=1

3+m
X

3+m
X

mL p̈xL = τ1

[gL ; gE ] := S T (r)g(q)

where gL = I3 03×(3+m)
 0; mL g] from (7)
 Tg(q) = −[0;
and (10); and also gE = SE (r) I3+m g(q) = 0 with the
i-th component of gE given by −mL gszi − czri = 0 from
Prop. 1 with the expression of g(q) given in (7).
The velocity of QM-system’s center-of-mass is given by
n
m
m
X
X
X
Jvqji q̇i
mj
mj ṗj =
mL ṗCoM = mo ṗ +
j=1

cxri r̈i +

with a similar also hold for the dynamics of ÿ, z̈.
Recall from (10) with Lem. 1 and the differentiation of
which with (13) then becomes



where p is the quadrotor’s center-of-mass and pj is that of
the j-th link of the robot arm. If we extract only the xcomponent of ṗCoM , we have

3+m
X

It is a combination of the center-of-mass translation
dynamics of ṗL and the internal rotational dynamics
of ṙ;
The ṙ-dynamics is similar to the standard Lagrange
dynamics of the fully-actuated serial-link robot arm;
Gravity effect and the under-actuation affect only along
the ṗL -dynamics direction and completely vanish in the
ṙ-dynamics;
The p˙L -dynamics and the ṙ-dynamics are completely
decoupled from each other, with neither acceleration
coupling nor Coriolis coupling.

Note that this underlying structure (11)-(12) is universally
applicable to many practically important vehicle-manipulator
systems, including satellite with robot-arm, and underwater
ROV with robotic manipulator. Note also that this dynamics
decoupling of (11)-(12) is an inherent property of such
vehicle-manipulator system dynamics, thus, granted with
no decoupling control action necessary. This decomposition
(11)-(12) would also facilitate control design procedure, as
we can design control laws for the center-of-mass motion and
the internal rotational motion, separately and individually, as
shown in the next Sec. IV.
IV. T RAJECTORY T RACKING C ONTROL D ESIGN
The underlying structure, revealed in Sec. III, can facilitate
control design for the QM-system (6). To show this, although
other control objectives are also possible, here, we focus on
the trajectory tracking of the end-effector, which is the one
of the most basic control objectives among others. For this,
let us denote by pe := [xe ; ye ; ze ] ∈ <3 the end-effector
Cartesian position expressed in the inertial NED-frame. We
can then establish a forward kinematic relation between pe
and q which can be represented as a form of pe = p +

5547

f (r) where f (r) is a relation of end-effector and quadrotor
platform, and can obtain its Jacobian relation s.t.,


ṗe = I3 A(r) q̇ = ṗL + B(r)ṙ
(15)
where A(r) ∈ <3×(3+m) , and B(r) = A(r) + SE (r) by
combining (10) and (15).
For the trajectory tracking of the end-effector, let us define
desired trajectory pde . We then want to design control law
so that the end-effector position pe converges to this pde
according to ṗe = ṗde −k(pe −pde ) where k > 0 is a constant.
From this relation, we can define the desired value ṗdL s.t.,
ṗdL := ṗde − k(pe − pde ) − B(r)ṙ

(16)

Here, note that, in general, ṗL 6= ṗdL . To capture this error of
ṗL , let us define eL := ṗL − ṗdL . Then, using (15), we have
ėp + kep = eL

where ep := pe −
Here, note that, if eL → 0, ep → 0
exponentially. The above relation then naturally give a rise
to a backstepping-like control, as summarized in Th. 1.
Theorem 1 Consider the QM-system dynamics (6), which is
composed of the locked and shape systems (11)-(12). Then,
(ep , eL ) → 0 exponentially, if we set τL , τE s.t.,
τL +mL BME−1 [τE − CE ṙ] =

(18)
dB
− γep − αeL + gL + mL [p̈de − k ėp −
ṙ] =: τcge
dt
where γ, α, k > 0 are constant and τE − CE ṙ = ME r̈ from
(12).
Proof: Define
1 T
1 T
ep ep +
e mL eL .
2
2γ L

λRo (φd ) := τcge − mL ζ(r)

(19)

mL B(r)ME−1 [τE − CE (r, q̇)ṙ] = τcge − τL

Br̈ = BME−1 (τE − CE ṙ) = ζ(r)

(23)

This then implies that ζ(r) can encode a certain sub-task
objective for the r-motion while still enforcing the endeffector trajectory tracking. One such a example is
ζ(r) = B{r̈d − kd (ṙ − ṙd ) − kp (r − rd )}

from (11) and (16). Plugging (18) into this, we can obtain
α
dV
= −keTp ep − eTL eL ≤ 0
dt
γ

(22)

where again τL = λRo (φ) with λ defined in (21). This then
means that, even if τL , due to the under-actuation, does
not precisely satisfy its control generation equation (21),
the condition (18) is still ensured and so is the exponential
convergence of (ep , eL ) → 0.
Note that B(r) ∈ <3×(3+m) in the τE -control generation
equation (22) is a fat matrix. This means that B(r) assumes a
non-trivial nullspace which can embed some control actions
for the r motion while preserving eq (18). In this paper,
we mainly use this null-space of B to drive the quadrotor
to reach the desired orientation (i.e., φ → φd ) to attain
the desired thrust direction as specified in (21). Precise
controllability analysis of φ → φd in null space of B will be
reported in future publication, however, φ → φd is achieved
in planar motion which is exploited in simulation below.
Now, suppose that the τL -generation (21) is achieved, with
φ ≈ φd . Then, from (18), we have

Then, time derivative of V is represented as following
dV
1
= −keTp ep + eTp eL + eTL [τL − gL − mL ν̇Ld ]
dt
γ
1 T
T
= −kep ep + eL mL BME−1 [τE − CE ṙ]
γ
1 T
dB
+ eL [γep + τL − gL − mL (p̈de − k ėp −
ṙ)]
γ
dt

(21)

where ζ(r) is a function to encode a certain sub-task for rmotion under the end-effector trajectory tracking, which is to
be defined below. We then apply the control τL = λRo (φ),
with φ 6= φd in general. How to achieve φ → φd will be
discussed below.
Given this τL , we then choose τE to satisfy the control
generation equation (18) s.t.,

(17)

pde .

V :=

gL , while the precise motion control action is assigned to
τE . How to assign control actions for τL and τE given a
task objective is spared for future research.
Here, due to the issue of under-actuation, we cannot assign
τL = λRo (φ) arbitrarily, since φ is not control variable,
although so is λ. To address this under-actuation, we first
define λ, φd s.t.,

(20)

implying that (ep , eL ) → 0 exponentially.
Note that the control generation equation (18) is in general
a redundant equation, that is, even though we have 1-DOF
control τL = λRo (φ), we also have (3+m)-DOF control τE
to assign equation (18) depending on the task objective. For
instance, if the task is simply a transport, it would be proper
to assign more control action on τL , while making that for
τE only complementary. Or, if the task is a precise motion
control with the platform desired to be stationary as much as
possible, τL would need to compensate only for the gravity

(24)

to drive r → rd to keep robot-arm in a certain desired
posture rd (e.g., avoid singularity) while enforcing endeffector tracking. Note that this r → rd is not guaranteed
per se, since this sub-task control action ζ(r) is effective
only for the row-space of B, not for the null-space of B.
We apply this control framework to a quadrotor with 2DOF arm, whose motion is constrained on its sagital plane.
The trajectory is given by xde , yed and the sub-task desired
posture rd is given to avoid singularity (i.e., θ2 = 0). The
null-space of B is given by φ̇ = −θ̇1 , which is used to attain
the desired pitch angle φd to align τL according to (21). The
result of end-effector trajectory tracking is shown in Fig. 2.
We also perform another simulation, where, assuming that a
force sensor is available, an admittance-type force control is
implemented for the end-effector with a visco-elastic virtual
wall, and the result is given in Fig. 3.
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framework to space or underwater manipulation.
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Fig. 2. Snapshots of end-effector trajectory tracking of a planar quadrotor
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